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The simulations presented here are based on the program Mathematica as a tool
to present electron density maps of two-dimensional crystal structures. The
models give further insights into the relationship between the thermal
displacement parameters and the quality of the electron density maps.
Furthermore, users can readily test the effects of several crystallographic
parameters on the electron density maps, such as, the number of re¯ections, the
thermal displacement parameters and the unit-cell dimensions.

1. Introduction

2. Methods

The aim of this paper is to describe an elementary
computational tool that serves as auxiliary material for
courses in crystallography for postgraduate students in
biophysics, biochemistry and molecular biology. This material has been used by the authors for crystallography
courses at the State University of SaÄo Paulo (Brazil) for
four years.
Teaching the interpretation of electron density maps to
future biocrystallographers has been shown to be quite a
dif®cult task. To overcome this dif®culty, at least partially,
we have developed a simple simulation to help in teaching
the interpretation of electron density maps. This simulation,
based on the program Mathematica (Wolfram, 1999), allows
the user to visualize the electron density maps of twodimensional crystals. Furthermore, it allows visualization of
the effect of thermal vibration on the resolution of electron
density maps.
Analysis of the electron density map is a critical step
in the crystallographic re®nement of any molecular
structure determined by X-ray diffraction techniques
(Blundell & Johnson, 1976; Delatorre, Fadel & Azevedo,
2001; Delatorre, Olivieri et al., 2001; Azevedo et al., 1996,
1997; Kim et al., 1996) and teaching the interpretation of these
maps is frequently quite laborious. There are many sophisticated programs used to visualize protein structures and
the electron density maps (McRee, 1993). However, in
these programs most of the characteristics of the electron
density are omitted, which can, for the beginner in
biocrystallography, make the visualization of the relations
between thermal vibration and electron density function an
arduous task.
The use of the program Mathematica to simulate the electron density map for a hypothetical two-dimensional crystal
structure is described here. In addition, the effect of thermal
vibration on the resolution is simulated.

2.1. Structure factors and electron density function computations
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The atomic scattering factor (f ) of an atom depends on the
electron density and can be found in the International Tables
for X-ray Crystallography (1974, Vol. III). The thermal motion
of the atoms affects this factor. In the simple case in which the
components of vibration are the same in all directions, the
vibration is called isotropic and the atomic scattering factor is
f  fo expÿB sin2 hk =2 ;

1

where hk is the scattering angle, fo is the scattering power of a
given atom for a given re¯ection,  is the wavelength, and B is
related to the mean square amplitude (u2 ) of atomic vibration
by
Bj  82 u2j :

2

The structure-factor [F(hk)] calculation for centrosymmetric two-dimensional crystals, used in this paper, was
performed using
P
3
F hk  2 fj cos2 hxj  kyj ;
j

where fj is the atomic scattering factor for each atom in the
unit cell, h and k are re¯ection indexes, and xj and yj are
fractional coordinates for each atom in the asymmetric unit.
The summation is over atoms not related by the centre of
symmetry (Stout & Jensen, 1989).
The Fourier expansion of the electron density function for a
centrosymmetric two-dimensional crystal is
PP
F hk cos2 hx  ky;
4
 xy  2
h

k

where h and k are integers over which the series is summed.

electronic reprint

J. Appl. Cryst. (2001). 34, 658±660

teaching and education in crystallography
Table 1

Atomic and fractional coordinates for the model used in the simulations.
Atom

Ê)
X (A

Ê)
Y (A

x

y

C1
C2
C3
C4
C5
C6

3.0419
1.8338
1.8338
3.0419
4.25
4.25

2.855
3.5525
4.9475
5.645
4.9475
3.5525

0.178935
0.107871
0.107871
0.178935
1/4
1/4

0.167941
0.208971
0.291029
0.332059
0.291029
0.208971

2.2. Model building

To build a hypothetical crystal structure, we used a benzene
molecule inserted into a two-dimensional unit cell. The unit
cell is centrosymmetric to facilitate the computation of the
atomic scattering factor, structure factors and electron density
function. Fractional coordinates for the atoms in the model are
shown in Table 1. A square unit cell was used with a = b =
Ê . There are two benzene molecules in the unit cell, related
17 A
to each other by a centre of inversion at x = 1/2, y = 1/2. The
Ê and the maximum value of the
wavelength used was 1.5418 A
re¯ections h and k was 22 for the two-dimensional unit cell.
This value is obtained from Bragg's law,
2 sin =  1=dhk ;

5

1=dhk  h21=2 =a

6

Figure 1

Ê
Electron density map for a two-dimensional crystal structure at 0.8 A
Ê 2.
resolution (hmax = kmax = 15). All atoms have B = 0 A

where 1/d is
for h equals k. The maximum value for the re¯ections is that
for which sin  = 1:
hmax  2a=21=2 :

7

The use of smaller values for h and k can illustrate the effect of
resolution on electron density maps.
Figure 2

3. Results and discussion
A simulation of the electron density function for the twodimensional crystal is shown in Fig. 1. In this simulation, all B
factors were taken as zero. It can be seen that all electron
density peaks are sharp and the molecular geometry can easily
be identi®ed. The program Mathematica allows rotation of the
model, which facilitates the identi®cation of individual atomic
positions. Figs. 2 and 3 are simulations in which all B factors
Ê 2, respectively. When thermal
Ê 2 and 4 A
were taken as 2 A
vibration is introduced into the model, peak broadening is
Ê2
observed in the electron density map. In Fig. 3, where B = 4 A
for all atoms, it is practically impossible to identify individual
atomic positions. The B factor is a consequence of the dynamic
disorder in the crystal caused by the temperature-dependent
vibration of the atoms in the structure (Drenth, 1994) and the
overall effect of increasing the B factor is the broadening of all
peaks in the electron density map.
In addition to the effect of the B factors on the electron
density maps, the effect of the resolution has been analysed.
For Figs. 1 to 3, the resolution attainable from all the available
Ê , which is more than needed to resolve the atoms.
data is 0.8 A
J. Appl. Cryst. (2001). 34, 658±660

Ê
Electron density map for a two-dimensional crystal structure at 0.8 A
Ê 2.
resolution (hmax = kmax = 15). All atoms have B = 2 A

Figure 3

Ê
Electron density map for a two-dimensional crystal structure at 0.8 A
Ê 2.
resolution (hmax = kmax = 15). All atoms have B = 4 A
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Ê
Electron density map for a two-dimensional crystal structure at 1.2 A
Ê 2.
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